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Abstract:  

The purpose of this paper is to investigate some unanswered questions regarding the 

primary decomposition of matrices over a field K and to provide an analogous of some well-

known results of spectral, algebraic, and geometric multiplicity order of an eigenvalue to any 

P-component of the characteristic polynomial CA of a matrix A over a field K. Additionally, 

the paper will attempt to answer some questions that have not yet been asked regarding the 

primary decomposition of matrices To be more specific, we calculate the dimension of the 

kernel of a polynomial of a square matrix A over any arbitrary commutative field K in terms 

of its invariant fac- tors. This allows us to determine the exact size of the kernel. In this 

application, we get the value of the P-algebraic and P-geometric multiplicity order of any P-

component of the characteristic polynomial CA of a matrix A. This is done so that we may use 

it. 

Keywords: Primary decomposition, invariant factors, algebraic multiplicity, geometric 

multiplicity. 
 

Introduction: 

Let's say that K is a field. Let us 

assume that A is a multiple of Mn(K) and 

that P is an irreducible polynomial of 

K[X]. If the characteristic polynomial CA 

of A is a power of P, then we shall refer to 

A as a primary matrix that is P-symmetric. 

According to the Primary Decomposition 

Theorem, if A Mn(K) is a non-zero matrix 

and mA(X) = Qs i=1 P I I is the prime 

decomposition of its minimal polynomial 

mA(X), then the matrix A is comparable to 

a block diagonal of P-primary matrices 

diag. The Primary Decomposition 

Theorem states that if A Mn(K) (A1, A2, 

..., As). It is currently unclear what the 

dimension of sequence vector spaces 

called Ker Ps (A) is. In the first part of this 

paper, we use some in-depth results on 

module theory over a PID to compute the 

dimension of the kernel of a polynomial of 

a square matrix A over a commutative 

field K in terms of its invariant factors. 

This is done by using a square matrix A. In 

the second part of this paper, we use these 

results to compute the dimension of a 
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kernel of a polynomial of a In the second 

part, we give the analogous of some well-

known results of spectral, algebraic, and 

geometric multiplicity order of an 

eigenvalue, to any Pcomponent of the 

characteristic polynomial CA of a matrix 

A over any arbitrary commutative field K. 

This analogy is based on the fact that these 

results can be applied to any eigenvalue. 

The P-algebraic multiplicity order and the 

P-geometric multiplicity order both see 

some new conclusions produced here as 

well. 

 

 

 

 

Preliminary Notes: 

Let's say that K is a field. Let us 

assume that M is a vector space with finite 

dimensions over K, and that f is an 

endomorphism of M that is a K. The 

structure of a K[X]-module may be 

obtained by the endomorphism f by X.m = 

f(m) for each m that is less than M. This 

structure is bestowed onto the vector space 

M. We shall refer to the K[X]-module on 

M that is induced by f as Mf from now on. 

Because the ring K[X] is a PID, the 

following very helpful conclusion may be 

inferred by applying the structure theorem 

of finitely produced torsion modules over 

a PID (see [[6], 2, p. 556], [[8], 14], [[1], 

p. 235], and [3]): 

 

to the extent that qi | qi+1, qr = mA(X), 

which is the minimum polynomial of A, 

and Qr i=1 qi = cA(X), which is the 

characteristic polynomial of A. Invariant 
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factors of A are referred to as the series of 

polynomials q1, , and qr. The uniqueness 

and similarity of A's invariant factors are 

emphasised here. In point of fact, if q1, , 

and qr are the invariant factors of A, then 

A is comparable to a block diagonal matrix 

with the notation diag(A1, A2,..., Am), 

where Ai = Comp(qi) is the companion 

matrix of qi. Let's say that K is a field. Let 

us assume that A is a multiple of Mn(K) 

and that P is an irreducible polynomial of 

K[X]. If the characteristic polynomial CA 

of matrix A is a power of P, then we shall 

refer to matrix A as a P-primary matrix. 

 

Main Results: 
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