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Abstract:

In this paper, we introduced a Finsler space which le}m satisfies the birecurrence property in sense of
Cartan. Further, if the directional derivative of covariant tensor field vanish, then the curvature tensor H]-ikh,
associate tensor H;g, and H —Ricci tensor H;, are birecurrent in Affinely connected space.
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Introduction and Preliminaries:

The birecurrent Finsler spaces have been studied by Pandey [8], Dikihi [5], Qasem [10], Qasem and Saleem
[12], Muhib [7], Saleem and Abdallah [14-16] and Verma [18]. An affinely connected space for hv —curvature
tensor that satisfy the birecurrence property discussed by [6]. Let us consider an n —dimensional Finsler space F,
equipped with the line elements (x,y) and the fundamental metric function F that positive homogeneous of
degree one in ¥ [1, 3, 13]. The vectors y; and y' satisfy

(LY @) yy'=F2, b)0y; =0y =gij, ©) guy' =y and d) gi; = %31'3]'172
Cartan’s covariant derivative of the fundamental metric function F, vector yi and unit vector ! vanish
identically, i.e.
(12) a) F;=0, b)y;=0  and c)gu;=0,
Cartan’s covariant derivative of an arbitrary tensor T with respect to x! is given by [4]
(13)  a) 9(Twy) = (9T0),, = Ti (4 ') — T(6; ") — (& Tw)Pi
where b) Pj; = (9; ;) )y" and c) Pl = g"Pyj.
The Berwald curvature tensor H}kh is positively homogeneous of degree zero in y* and skew-symmetric in its
last two lower indices which defined by [13]
Hfyn = 0nGly + G} Gl + GLx G — h/k.

In view of Euler’s theorem on homogeneous functions, we have the following relations

(14) a) OJH}m = Hjikh’ b) Hjikhyj = Hll;h! C) Hijkh — ngH;kh’
d) Hiny" = Hp, e) Hiy = 0k Hp, f) Hjx = Hjir,
1 .
9) Hy = HJ,, h H=—H7 and i) Hfy = Hen — Hui.

The relation between the normal projective curvature tensor Ny, and Berwald curvature tenser H}kh satisfies [8,
9

. . 1 P
(1.5) kah = Hjlkh - mylajHrrkh )

where the normal projective curvature tensor I\I]-ikh is homogeneous of degree zero in y*.
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Contracting the indices i and j in (1.5) and using the fact that the tensor H;,,is positively homogeneous of degree
zero in y', we get
(1.6) Nrxn = Hiyn-

Transvecting (1.5) by y/ and using (1.4b), we get
(L7) Njgny’ = Hip.
The projective curvature tensor le}m and normal projective curvature tensor N}kh are connected [13] by
(18) &) Wi = Njiy, + 2(8;Mpj — M) — k|h),
where b) My, = —ﬁ(nNRh + Npi) and ) Nix = Njr-
The projective curvature tensor I/Vj‘}msatisfies the following [13]
(19) &) Wiy =W, b) Why*=w} and c) wiy"=o.
A Finsler space whose connection parameter Gjik is independent of y! is called an affinely connected space
[13]. Thus, one of the equivalent equations characterizes an affinely connected space
(1.10) @) G}, =0 and b) Cijin = 0.
The connection parameters of Cartan and Berwald T} and jik coincide in affinely connected space and they are
independent of the direction argument, i.e. [2, 11]
(1.11) a) 9;GL, =0 and b) 0,T; = 0.
Cartan’s connection parameter [y} coincides with Berwald’s connection parameter G., for a Landsberg
space, which is characterized by [13]
(1.12) y, ﬁch = _ZCjkh|ryr = —2Pyp = 0.
The W — recurrent Finsler space introduced and defined by [17]
(1.13) Wiiny = AWihke Wik # 0.
where 4; is non-zero covariant vector field.

Main Results
Definition 2.1. Finsler space F, which the projective curvature tensor le}m satisfies the following birecurrent
property i.e. characterized by
(2.1) le}ch|l|m = almM/}'éch' M/jlkh # 0.
where a,,,, is non-zero covariant tensor field. This space will be called a W - Birecurrent Finsler space. And
denote it briefly by WBR — F,.
Transvecting (2.1) by y/, using (1.2b) and (1.11a), we get
(2.2) Winpm = @mWin-
Transvecting (2.2) by y* , using (1.2b) and (1.9b), we get
(2.3) Wipm = amWi.
Thus, we conclude
Theorem 2.1. In WBR — E,, the projective torsion tensor jl}( and projective deviation tensor W} are
birecurrent.
Differentiating (1.8a) covariantly with respect to x* and x™ in the sense of Cartan, we get
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(2.4)  Nignjm = Wiknjim + 28 Mynjim + 86 Mjiepupm)-
Using (2.1) and (1.8a) in above equation, we get
Njikh|l|m = alm[Njikh - 2(5}Mkh + 65 M )] + 2(6jiMkh|l|m + Sp Mjkyim)-
Contracting i and h in above equation and using (1.8c) and the property skew — symmetric for M;,, we get
Nigjipm = @ [Njx — 2(1 = n)Mj ] + 2(1 — n) Mjyeyym.

Using (1.8b) in above equation, we get

2 2
Nikjiym = @imNjx — malm(ank + Nyj) + — (WNjijypm + Nicjjypm)-

Using the property skew —symmetric for N, in above equation, we get
Nikjim = aimNjke = 2aimNjre + 2ZNjkjijm-

which can be written by
(25)  Njgyym = @umNjk.-
Thus, we conclude
Theorem 2.2. In WBR — F,, if M, and N is property skew —symmetric, then Nj; is birecurrent.

Differentiating (1.8b) covariantly with respect to x! and x™ in the sense of Cartan, using (2.5), we get
(26) Mijkjim = = —— A (N + Niey).
Using (1.8b) in (2.5), we get
2.7 Mjkm = amMjy.
Using (2.1), (2.7) and (1.8a) in (2.4), we get
(28)  Njcnpm = @umNjin.
Thus, we conclude
Theorem 2.3. In WBR — F,, the tensor M;; and the normal projective curvature tensor N}, are birecurrent.
Transvecting (2.8) by y/, using (1.2b) and (1.7), we get
(2.9 Hinpm = QmHin-
Transvecting (2.9) by y*, using (1.2b) and (1.4d), we get
(2.10)  Hjypm = aimHi,.
Contracting the indies i and h in (2.8) and using (1.4g), we get
(2.11) Hyym = @imHy.
Contracting the indies i and h in (2.9) and using (1.4h), we get
(2.12) Hjjjm = aimH.
Thus, we conclude
Theorem 2.4. In WBR — E,, the torsion tensor H.,, deviation tensor H}, curvature vector H, and scalar
curvature H are birecurrent.

In next result, we obtained the necessary and sufficient condition for some tensors to be birecurrent in
WBR — E,. Differentiating (2.9) partially with respect toy/, we get

0;(Hinyym) = (9j@um)Hin, + @m0 Higp.-

Using commutation formula exhibited by (1.3a) for H., in above equation, using (1.4a), we get
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(213) Hjinpym + [Hin(0;51) = Hin(05) = Hier (0 137) — Hya PR
+Hin1 (0;554) — Honyo (03 5im) — Hiesta (9iT5im) — Hienys (0353

—Hen 1P = (0j@um ) Hin + Qi Hjyp-

This shows that

(2.14) H, kh|l|m = almijh

if and only if
(2.15) [Hin(0;137) = Hin(9i 1) = Hicr (i557) = Hisen Pilym+ Hiony (9T
h|l(a e ) Hks|l(a Fh*rfl) Hkms(a I ) H;kh|l (6 alm)Hkh = 0.

Transvecting (2.13) by g;, using (1.4c), (1.1¢) and (1.2c), we get
(2.16) Hjernum + 9ei[Hin (9 51) = Hin(0;5") — Hier (0 177) — Hiyen Py
+9uil Hkhll( sm) h|l(a]'['k*1$1) - Hks|l(aj ) — Hkms(a Lom ) kh|l

= 94i(0;aum) Hin, + QumHjein
This shows that

(2.17) Hjtknpmp = QimHjtkn

if and only if
(2.18) gti{[HIZh(éjmi) - Hrih(é‘r*r) - Hlicr(a‘r ) Hrl'kh |m+Hkh|l( 1—:9#1)
_Hsih|l(a‘irk§fl) - H}isu(aj )~ Hkms(a Timm) — kh|l (6 Qum)Hip} =0

Contracting the indices i and h in (2.13), using (1.4f) and (1.4g) we get
(2.19) Hiupmyy + [Hice (953 = Hr (0;5) — Hier (9;127") — Hric Py
+H1§t|l(a Tok) = He(0i5em) — Hksll(a L) — Higs(0;55) — Hsk|lP
= ((’)ja,m)Hk + a; Hiye.
This shows that
(2.20) Hjgpym = ammHj
if and only if
(221) [Hi (1) = Hr(0;1) — Hir (9 17) — Hpae Pl +Hizeyy (9 k)
—Hy1(9;5em) — His(9;T3) — Higs(9iTis) — Hoiei Py = (0;aum)Hy = 0.

Thus, we conclude
Theorem 2.5. In WBR — F,,, the Berwald curvature tensor Hjikh, associate tensor H;y, and H — Ricci tensor Hy,
are birecurrent if and only if (2.15), (2.18) and (2.21) hold.
Remark 3.2. If the WBR — F, is affinely connected space, then the new space will be called WBR — affinely
connected space.

Let us consider WBR — affinely connected space. In view of (1.3c), (1.11b), (1.12) and if éjalm =0, then
(2.13) becomes
(2.22) jikh|m = AmHjikh
In view of (1.3c), (1.11b), (1.12) and if 9;a;,, = 0, then (2.16) becomes
(2.23) Hjtknmi = QmHjtkn-
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Contracting the indices i and h in (2.13), using (1.3c), (1.11b), (1.12) and if 8jalm = 0, then (2.19) becomes
(2.24) Hjgpmp = ammHjie

Thus, we conclude

Theorem 2.6. In WBR — affinely connected space, if the directional derivative of covariant tensor field vanish,
then the curvature tensor Hj,,, associate tensor H;q,, and H —Ricci tensor Hj,, are birecurrent.

Conclusion:

This paper discussed some tensors that are

birecurrent in W -birecurrent Finsler space. The
necessary and sufficient condition for some tensors
that be birecurrent has been discussed.
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