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Abstract:

In this paper, we defined a-distributive semilattice and obtain properties of a-

distributive semilattice in terms of a-ideals and d-filter. Also we have obtain several

characterizations of a-distributive semilattice.
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Introduction:

O-distributive ~ lattice = concept
introduced by  Varlet. Then P.
Balasubramani and P. Venkatanarasimhan
have obtain many characterizations with
the help of ideal, filter , prime ideal ,
minimal prime ideal etc. A lattice L with 0
is called a O-distributive lattice if for all a,
b,c€ Lwithaanb=0anda A c=0imply
a A (b v c)=0. Any distributive lattice
with 0 is O - distributive. In this paper we
will study the a-distributive meet
Semilattices. Y. S. Pawar and M. V. Patil
introduced the concept a - distributive
lattice for any fixed element a # 1 in
bounded lattice. Also defined a-ideal,
prime a-ideal, minimal prime a-ideal and

a-filter, etc. and  obtain  many

characterization. Any a - distributive
lattice is 0 — distributive. In this paper we
generalized concept a-distributive lattices
to a-distributive semi lattices. Also we
introduced a-ideal, prima-ideal, minimal
prime a-ideal and a-filter in a-distributive
semi lattices.

Let S be a meet semilattice with 0.
Let a, b, ¢ in S be such that whenever
bvc exists, aAb=0 and aAnc=0
implya A (bVc)=0,then S is called 0-
distributive semilattice. We generalized a-
distributive semi lattice as x, y, z, a (a #1)
in S be such that whenever y V z exists,
xAy<a and xAz<a imply XA
(yvz) <a.

The Hasse figure given below is

example of a-Distributive Semilattice.

265



I[JAAR

ey
ST\
.“ P

£l

\

B e T ‘i

o,
[
g

Fig. 1

The following figure shows that a-
distributive semilattice need not be

distributive.

Fig. 2

The following figure is example of

semilattice is not a- distributive.
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Fig. 3

An ideal T in S is a non-empty
subset of S such that a < b, bel implies

ac] and whenever avb exists for a, b in |
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then a v bel. (see Venkatanarasimhan [1
1). A proper ideal I in S is called prime if x
Ay €l implies that either x € [ ory €l.
Varlet [ 5 ] has generalized the
concept of maximal filters and introduce a
- maximal filter in L. Thus maximal 24 -
filter in M is a filter in L which is maximal
with respect to not containing the given
fixed elementa (#1)in L. An & - filter is
a filter in L not containing a . In this
chapter we introduce the concepts of semi
a - ideal , a - ideal , prime semi a - ideal
and minimal prime a - ideal etc. in S. We

begin with simple but essential concepts.

Definition and Properties:
Definition 2. 1: - A non-empty subset I
of S issemi-idealin Lif x < y,yel

imply x eI for x, y in S.

Definition 2.2: - A semi-ideal in S
containing the element a is called semi a -

1deal.

Definition 2. 3: - A prime semi-ideal in S
containing the element a is called prime

semi a - ideal.

Definition 2.4: - An ideal in S which is
maximal w. r. t containing the element a

1s called maximal a - ideal.

Definition 2.5:- Minimal element in the set
of all prime a - ideals in S is called

minimal prime a - ideal.
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Note that for a = 0 in
particular, the above definitions 1 to 5
coincide with the usual definitions of
semi-ideal , prime semi-ideal , maximal
ideal , minimal prime ideal respectively (

see Venkatanarasimhan [ 1] ).

We begin with a rather elementary

result the easy proof of which is omitted.

While proving the properties of
prime semi ideals , Venkatanarasimhan [1
] has proved that , a nonempty subset F (F
#1)of L is filter if only if (L \F ) is

prime semi - ideal .
More generally, we prove

Theorem 2.1: - A non - empty subset F
of S (F#1) is a - filter if and only if (

S\F) is prime semi a - ideal .

Proof:- only if part .

letF be a-filterin S. Asa ¢ F we get
a € (S\ F). Hence (S\ F) is non-empty .
Let x < yandy e (S\ F). Suppose x ¢
(S\ F) we get x € F. But as F is filter we
get y € F; a contradiction. Therefore x €
(S\F) . Hence (S \ F) is semi a - ideal in
S.

Ifx A ye (S\F)then x A y ¢ F. As
F is filter, either x ¢ For y ¢ F. Thus
x € (S\F)ory e (S\F). This shows (S

\ F) is prime semi a - ideal.

If part.
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Let (S \ F) be prime semi a - ideal in 1. To
prove that F is & - filter.

(i) As ae (S\F) wegeta ¢ fand

hence F is non-empty .

(i) Let x < yand x € F .Suppose y ¢
F. Then we gety € (S\F). Butas (S\F)
is semi ideal we get x € (S \ F); a

contradiction. Thus y € F.

(iii) Let x, ye f.Thenx,y & (S\F)
. As (S \F) is prime semi ideal we get x
Ay e (S\F).ie.x Ay € F. From (1), (
ii) and (iii)weget F isfilterinS. As

a¢ FwegetFisa - filter.

Theorem 2.2:- Any 4 - filter in S is
contained in some maximal 4 - filter .

Proof: - Let F be a - filter in S. Define K
= {J |Jisan a - filter in L containing F }
. As F € K we get K is non-empty. Let &
be any chain in K and X = U C €§ C .
Then obviously, X is filter in S as X is
union of members of chain of filters in S.

Furtheras F <« X anda ¢ X.

We get X € K. By Zorn’s Lemma, there
exists a maximal element M in K. This M
is maximal & - filter containing F.
Theorem 2.3:- Let F be a - filter in S.
Then F is maximal a - filter if and only if
for x ¢ F there exists y € F such that x A
y < a.

Proof: - Only if Part.

Let F be maximal a4 — filter in S and x ¢ F.
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Then F v [ x) is filter such that Fc F v
[ x ). But as F is maximal a - filter we get
a € F v [x). Thisimpliesa > x A y for
some y € F and the result follows.

If Part.

Let F be any a - filter in S satisfying the
condition in the statement. Now we prove
F is maximal & - filter in S. Let if possible
there exists a - filter J in L such that F <
J < S. AsF < ], there exists x € J such
that x ¢ F. By assumption, there exits y €
Fsuchthatx Ay <a.NowFclJandy e
FimplyyelJ. AsxelJ,yeJwegetace
J; a contradiction. Hence F is maximal & -

filter in S.

Characterizations:-

In the following theorem we
characterize a - distributive lattices in
terms of a - ideals in S.

Theorem 3. 1:- The following
statements are equivalent in S.

1. Sis a - distributive semi Ittice.

2.If X, y1, ¥2, «.., Yo in L such that x
AYyi £aVi,1<i<n,thenx A[ y1
VY2V..vW Laify; vyv.v
Yn €Xists.
3.IfAisa-idealand { A;|iel}isa
family of a - ideals such that AN A; < (
a],foralli,1<i<n, thenA N[ v;
aAilc(al

Proof:-

M= Q@
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As S is a - distributive, the result is true
for n = 2. Using the induction on n, the

implication follows.

(2)= (3)let abea-idealand {a;]|i

€1 } be afamily of a - ideals such that

ANnAic (a], forall i,1<i<n. If
xeanN|[ vieiai], thenx €a and x
EViciAi.As xeViciAjweget x <
Y1V Y2V...vy, for some finite n with
yiea; foralli,1< i<nify; v y,
V..Wy, exits. Asx e Aand y; € A

wegetx AyieAnNnAic (a].

Therefore x A y;< a,forall i, 1 <1
<n.

Hence by assumption (2), x A [ y1 V
V2 V...Vy,] < a.

Thus x < a. This shows A N [Vic1Aj
] < (a] and the implication follow.
(3)= (1)

To prove that S is a - distributive. Let x A
y <ax Az < afor

X, Y, z in S . But this turn imply (x ] A
(y] < (aland

(x] A (z] c(a].Byassumption(3),
we get

(x] AC(ylv(z])c (a].Thusx
A(y v z)<aas

(x] AC(ylv(z])=(x A(yvV
z)].

Hence S is a - distributive lattice.

Thus (1) = (2)=(3) = (1) shows
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that all the statements are equivalent .
Theorem 3. 2:- S is a - distributive if
and only if every maximal a - filter is
prime.

Proof: - Only if Part.

Let S be a - distributive semilattice and M
be any maximal & - filter .

To prove M is prime . Let if possible
there exist x,y in L suchthat x v y €
M with x ¢ M and y ¢ M. As M is
maximal 4 - filter,a e Mv[x)and a €
Mv|[y).Thena > m;Aaxanda > m;,
A y for some m | m, € M. But thena >
miAmaAXxand a>m;AmaAy
willimply a > (m; A ma2) A ( X Vv
y ) by a-distributive of S.Butasm; A
myeMandx vy eMwegeta € M;
a contradiction. Thus x v y € M must
imply x € M or y € M. This proves that
M is prime.

If Part.

Assume that every maximal a - filter in S
is prime. To prove that S is

a - distributive semi lattice. Let if possible
there exist x, y, z in Ssuchthat x A
y<a,xAz<awthxaAn (yvVvz
) £ a. DefineF=[x A ( yvVv 2)).
Obviously, F is a - filter in S . By
Theorem 1.2.7, F is contained in some
maximal & - filter say M .But then x A
(yvz)e Mimply xeMandyvz
€ M .M being prime , we get X A y €

Mor x Az € M.
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But in either the case a € M; a
contradiction. Hence x A 'y < a, X A z
<aimplyx A (yviz)<aforx,y
,z in S . Hence L is a - distributive

lattice.

oo

A lattice L is distributive if and only if
for x <y in L there exists a prime filter F
containing x but not y . ( see Gratzer [
2], page 78 ). In the following theorem
we prove a similar characterization for a -
distributive semi lattice.

Theorem 3. .3:- L is a - distributive if
and only if for x £ a in L, there exists
prime a - filter containing x.

Proof:- Only if Part.

Let L be a - distributive lattice and x * a
for some x in S. As [ x ) is & - filter . By
Theorem 1.2.7, [x) 1is contained in
maximal 4 - filter say M. S being a -
distributive, M is prime a - filter. This
shows the existence of prime & - filter M
containing x.

If Part .

Suppose L is not a - distributive. Hence
there exist x, y, z in L suchthat x A
y<a,x Az<awith xA(yvVvz)
% a . By hypothesis, there exits prime a -
filter P containing x A (y v z). Then
weget X Ay e Porx Az eP; P
being prime a - filter . But in either the

case a € P, contradicting the choice of P.
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Thus x A’y < a, x A z £ a must
implyx A(y v z)<a for allx,y,zin

L . Hence S is a — distributive semi lattice.
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