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Abstract:  

The theory of fixed point is one of the most important and powerful tools of the modern mathematics not 

only it is used on a daily bases in pure and applied mathematics but it is also solves a bridge between analysis and 

topology and provide a very fruitful are of interaction between the two.Fixed point theorems have numerous 

applications in mathematics. Most of the theorems ensuring the existence of solutions for differential, integral, 

operator or other equations can be reduced to fixed point theorems. 
 

Introduction : 

 The fundamental result in the best 

approximation theory was given by Meinaradus 

[11], afterwards in (1969), Brosowski [1] theorem 

has been a basic important result, many authors have 

studied the applications of fixed point theorem to 

best approximation theory. Subrahmanyan [21], S.P. 

Singh [18], M.L.Singh [18], Carbone ([2] [3]), 

Sahab, Khan and Sessa [14], Hicks and Humphries 

[15], In (1988), Sahab, Khan and Sessa [14] 

generalized the result of Singh [19], Recently 

Pathak, Cho-kang [13] gave an applications of 

Jungck’s [9], fixed point theorem to best 

approximation theory they extended the result  of 

Singh [19] and Sahab et. al. [14]. In Section 1.2, we 

have given necessary definitions and results which 

will be useful in the sequel. In Section 1.3, we have 

proved some common fixed point theorems of 

Gregus type in Banach spaces and give application 

of our fixed point theorem to best approximation 

theory. 

1.2  Preliminaries : 
 The following definitions will be used in 

this chapter. 

1.2.1  Definition :  
 Let C be a subset of normed linear space X. 

Then 

(i) A mapping XXT :  is said to be 

contractive on X. if yxTyTx   for all 

x, y in X (resp. C) 

(ii) The set Da of best (C, a)- approximants to x
consists of the point y in C such that 

 Czxzxya  :inf , where x  in a 

point of X, then for 10  a . 

Let D denote the set of best C-

approximants to x . for a = 1, our definition 

reduces to the Set D of best C-approximants to x . 

(iii) A subset C of X is said to be starshaped with 

respect to a point q C  if, for all x in C and all 

]1,0[ , Cqx  )1(  . 

where the point q is called the star-centre of C. 

(iv) Clearly convex set is starshaped [4] with respect 

to each of its points, but not conversely. 

for an example, the set 

}0{]0,1[]1,0[}0{ C  is starshaped 

with respect to C)0,0(  as the star-centre of C, 

but it is not convex. 

Throughout this chapter F (T) denotes the set of 

fixed points of T on X.  

By relaxing the linearity of the operator T 

and conexity of Din the original statement of 

Brosowski [1], Singh [19] proved the following 

results. 

1.2.2.  Theorem : 

  Let C be a T-invariant subset of a normed 

linear space X. Let CCT :  be a contractive 

operator on C and let )(TFx . if XD   is 

non empty, compact and starshaped, then 

 )(TFD . 

 In the subsequent paper Singh [19], 

observed that only non expansiveness of T on 

}{xDD   is necessary. Further, Hicks and 

Humphries [7] have shown the assumption 

CCT :  can be weakened to the condition 

CCT :  ,Cy , i.e., Dy  is not 

neceassarily in the interior of C, where C  denotes 

the boundary of C. 

Recently, Sahab, Khan and Sessa [14] 

generalized Theorem 1.2.2 as in the following. 
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1.2.3 Theorem: 

 Let X be a Banach space let XXIT :,  be operators and C be a subset of X such that 

CCT : and )()( IFTFx  . Further, suppose that T and I satisfy 

 IyIxTyTx   

for all x, y in D , I is linear, continuous on D and ITx = TIx for x in D if D is non empty, compact and 

starshaped with respect to a point )(IFq  and ,)( DDI   then  )()( IFTFD . 

 Recall that in (1986), Jungck [8] defined the concept of compatibility of two mappings, which includes 

weakly commuting mappings (Sessa [15]) as proper sub class. 

1.2.4  Definition : 

 Let X be a normed linear space and let XXTS :,  be two mappings S and T are said to be 

compatible if, whenever {xn} is a sequence in X such that ,, XxTxSx nn   then 

 nasTSxSTx nn 0  

In (1998), Jungck and Rhoades [10] introduced the notion of weakly compatible maps and showed that 

compatible maps are weakly compatible but converse need not be true. 

1.2.5  Definition : 
 A pair of S and T is called weakly compatible pair if they commute at coincidence points. 

1.2.6  Example : 

 Consider X = [0,2] with the usual metric d. Define mappings XXTS :,  by 

Sx = 0 if x = 0, Sx =  0.15 if x > 0 

Tx = 0 if x = 0, Tx = 0.3 if 0 < x   0.5, Tx = x - 0.35 if x > 0.5 

Since S and T commute at coincidence point ,0 X  so S and T are weakly compatible maps to see that 

S and T are not compatible, let us consider a decreasing sequence {xn} where ,...2,1,
1

5.0 







 n

n
xn

 

Then 3.0,15.015.0,15.0  nnnn TSxSTxbutTxSx  as n . Thus weakly 

compatible compatible maps need not be compatible. 

1.3  Some Results On Common Fixed Points And Best Approximation : 
 First of all, we prove a common fixed point theorem of Gregus type for compatible mappings in Banach 

space. Our Theorem is improvement of results of Gregus [6], Jungck [9], Sharma and Deshpande [16]. 

Throughout this section, we assume that X is Banach space and C is non empty closed convex subset of 

X. 

Now, we prove our main theorem. 

1.3.1  Theorem :  
 Let S and T be compatible mappings of C into itself satisfying the following condition: 

 

 SyTySxTxSySxc

SyTySxTxbSySxaTyTx





,,max

,max
 

  SyTxSxTySyTySxTxSySxd 
2

1
,,,max  

....(1.1) 

for all x, y in C where a,b,c,d>0, a+b+c+d=1 and a+c+d< a  if S is linear and continuous in C and 

).()( CSCT  Then T and S have a unique common fixed point z in C and T is continuous at z. 

Proof : 
Consider x = x0 be an arbitarary point in C and choose points x1, x2 and x3 in C such that 

Sx1 = Tx,  Sx2 = Tx1,  Sx3= T x2     

This can be done since ).()( CSCT   for r = 1,2,3,... leads to (1.1) 
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 

 

  11111

111

111

1

2

1
,,,max

,,max

,max

















rrrrrrrrrr

rrrrrr

rrrrrr

rrrr

SxTxSxTxSxTxSxTxSxSxd

SxTxSxTxSxSxc

SxTxSxTxbSxSxa

TxTxSxTx

which shows that, 

since ,111   rrrr SxTxSxSx we have, for r = 1,2,3,... 

 
11   rrrr SxTxSxTx .      ....(1.2) 

From (1.1) and (1.2) we have 

 

 

  SxTxSxTxSxTxSxTxSxSxd

SxTxSxTxSxSxc

SxTxSxTxbSxSxa

TxTxSxTx









22222

222

222

212

2

1
,,,max

,,max

,max

 

 

 SxTxSxTxSxTxc

SxTxSxTxbSxTxa





,,max

,max

1

1

 

  SxTxTxTxSxTxSxTxSxTxd  211
2

1
,,,max  



 SxSxSxTxSxTxSxTx

SxTxSxTxSxTxdSxTxcSxTxbSxTxa





222111

1

2

1

,,,max22

 



 SxTxSxTxSxTx

SxTxSxTxSxTxdSxTxcSxTxbSxTxa





1

1

2

1

,,,max22

SxTxdSxTxcSxTxbSxTxa  222  

  SxTxbdca  )222(      ....(1.3) 

we shall now define a point 

32
2

1

2

1
xxz 
















 . 

Since C is convex, Cz  and S being linear 

32
2

1

2

1
SxSxSz 
















  

21
2

1

2

1
TxTx 
















       ....(1.4) 

It follows from (1.2), (1.3) and (1.4) that 
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  SxTxbdcaSxTx

SxTxSxTx

SxTxTxSxSz


























































)222(
2

1

2

1

2

1

2

1

2

1

2

1

1211

1211

 

  SxTxbdca 







 )222(1

2

1
           ....(1.5) 

by (1.2) and (1.4), we have 

22

2212

2

1

2

1

2

1

SxTx

SxTxTxSxSz






























  

SxTx 









2

1
.       ....(1.6) 

By (1.1) and (1.6) we have 

21

21

2

1

2

1

2

1

2

1

TxTzTxTz

TxTxTzSzTz







































 

 



   

 



 22

222

222

22211

111

111

111

2

1

,,,max
2

1

,,max
2

1

,max
2

1

2

1

2

1

,,,max
2

1

,,max
2

1

,max
2

1

2

1

SxTzSzTx

SxTxSzTzSxSzd

SxTxSzTzSxSzc

SxTxSzTzbSxSzaSxTzSzTx

SxTxSzTzSxSzd

SxTxSzTzSxSzc

SxTxSzTzbSxSza

















































































 






































SxTxSzTzSxTxdbcac

SxTxSzTzbSxTxbdcaa

,,)2221(
2

1
max

2

1

,max
2

1
]2221[

4

1
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












 ,,,)2221(

2

1
max

2

1
SxTxSzTzSxTxdbcad  

 

 

 SzTzSxTxSxTxSzTzSxTxd

SxTxSzTzSxTxcSxTxSzTzb

SxTxaSzTzSxTxbdca


























































2
2

1
,,,

2

1
max

2

1

,,
2

1
max

2

1
,max

2

1

4

1
)2222(

2

1

SxTx  

        ….(1.7) 

where 

1

4

3

4

)3(
42

1
)2(

4

1
)3(

4

1

]2222[
4

1

2

1

]2221[
4

1
]2222[

4

1



















dcba

dcb
aa

da
d

cbacaa

ddbcadc

dbcacbbdcaa

 

so we have 0< <1. 

Since x is an arbitary point in C, from (1.7), it follows that there exists a sequence {zn} in C such that 

,

,

,

11

0011

0000

 









nnnn SzTzSzTz

SzTzSzTz

SxTxSzTz







 

which yield that 

,
00

1 SxTxSzTz n

nn
   

and so we have 

0lim 
 nnn

SzTz       ….(1.8) 

Setting 










n

SxTxCxKn

1
:  

 

for n = 1,2, … then (1.8) shows that 

 nK  for n = 1,2,… 

and ...321  KKK  

obviously, we have nTK  and 

1 nn TKTK  for n = 1,2,… 

for any x, y in Kn by (1.1), we have 
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 

  SySxnSySxnnSySxd

nSySxcbnSySxaTyTx









111

11

2

1
,,max

,max

 

 

  

dnbnTyTxdcanca

TyTxndTyTxncbnTyTxna

SySxnnSySxd

nSySxcbnSySxa

111

1111

11

11

3][2][

)3()2()2(

,,max

,max

















 

Therefore 

  11 )1(3][2   dcadbcanTyTx  

Thus we have 

    0limlim   nnnn TKdiamTKdiam  

by cantor's theorem, there exists a point u in C such that 

  }{
1

uTKn
n






 . 

Since Cu  for each n = 1,2,… there exists a point yn in TKn such that 
1 nuy

n
 

Then there exists a point xn is kKn such that 
1 nTxu

n
 

and so  nasuTx
n . 

Since ,
nn

kx   we have also 

 

and so  nasuSx
n . 

Since S is continuous  nasSuSSxandSuSTx
nn . 

Moreover  nasSTxTSx
nn

0 . 

Since S and T are compatible and  nasuSxTx
nn thus we have SuTSx

n
 . 

By (1.1) we have 

 

 



  SuTSxSSxTuSuTSx

SSxTSxSuTuSSxSud

SSxTSxSuTuSSxSuc

SSxTSxSuTubSSxSua

SuTSxTSxTuSuTu

nnn

nnn

nnn

nnn

nn











2

1

,,,max

,,max

,max

 

Letting n , we obtain 

1 nSxTx
nn
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 

 



 

.)1(

)(

2

1

,,,max

,,max

,max

SuTua

SuTudcb

SuSuSuTuSuSu

SuSuSuTuSuSud

SuSuSuTuSuSuc

SuSuSuTubSuSuaSuTu













 

So we have Tu = Su. 

Thus STuTSu  and STuTSuTTu   since S and T are compatible. Furthermore, we have 

 

 

 



 

TuTTudca

SuTTuSTuTu

SuTuSTuTTuSuSTud

SuTuSTuTTuSuSTuc

SuTuSTuTTubSuSTuaTuTTu











)(

2

1

,,max

,,max

,max

 

This leads to TuTTu  = 0 since adca  )( .  

Let SuTuz  . 

Then Tz = z and Sz = STz = TSz = Tz =z. 

Thus z is a unique common fixed point of T and S. The uniqueness of z is a consequence of inequality 

(1.1). Now, we show that T is continuous at z. Let {yn}be a sequence in C such that zyn  . 

Since S is continuous, SzSyn  , By (1.1), we have 

 

 



 

 

 

 ,,,max

,max

max

2

1

,,,max

,,max

,max

SzTzSyTzTzTySzSyd

SyTzTzTySzSyc

SyTzTzTybSzSya

SzTySyTz

SzTzSyTySzSyd

SzTzSyTySzSyc

SzTzSyTybSzSyaTzTy

nnn

nnn

nnn

nn

nnn

nnn

nnnn















 

 SzTySyTz nn 
2

1
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 

 



SzSydcbdcba

TzTydcbSzSydcbaTzTy

SySzTzTyd

SySzTzTyc

SySzTzTybSzSya

n

nnn

nn

nn

nnn











1)1)((

)()(

,  

Therefore, we have TzTyn   and so T is continuous at z.  

This completes the proof. 

As a consequences of our Theorem 1.3.1, we have the following results. 

1.3.1.1Corollary: 
Let S and T be compatible mappings of C into itself satisfying the following condition: 

 

 SyTySxTxSySxc

SyTySxTxbSySxaTyTx





,,max

,max
 

for all x, y in C where a,b,c>0, a+b+c=1 and a+c< a  if S is linear and continuous in C and ).()( CSCT 
Then T and S have a unique common fixed point z in C and T is continuous at z. 

Corallary 1.3.1.1 shows the result of Sushil Sharma and Bhawna Deshpande [16], which obtain by 

putting d = 0 . 

Now if b=0, c=0 then we get the following corallary 

1.3.1.2 Corollary: 
Let S and T be compatible mappings of C into itself satisfying the following condition: 

 SyTySxTxaSySxaTyTx  ,max)1(  

for all x, y in C, 0 <a <1, if S is linear and continuous in C and ),()( CSCT  Then T and S have a unique 

common fixed point z in C and T is continuous at z. 

1.3.1.3  Remark : 
Corallary (1.3.1.2) also proves continuity of T, so it improves the result of Jungck [9]. 

if we put a = b = c = 0 then we get the following result 

1.3.1.4 Corollary: 
Let S and T be compatible mappings of C into itself satisfying the following condition: 

  SyTxSxTySyTySxTxSySxdTyTx 
2

1
,,,max  

for all x, y in C where 0 1 d , if S is linear and continuous in C and ).()( CSCT  Then T and S have a 

unique common fixed point z in C and T is continuous at z. 

To demonstrate the validity of our Theorem 1.3.1, we have the following example 

Example :  

Let ]1,0[ CandRX  with the usual norm. Consider the mappings T and S on C defined as 

CxallforxSxandxTx 
2

1

4

1
 

Then 














2

1
,0)(

4

1
,0)( CSCT . 

It is easy to see that S is linear and continuous. 

 

Further, T and S are compatible if }{,0lim nnn xwherex   is a sequence in C such that 

0limlim   nnnn SxTx  for some C0 . 

 If we take 0,18/3,18/13,9/1  dcba  we see that the condition (1.1) of our Theorem 
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1.3.1, is satisfied also we have  

a +b+c =1 and aca  . 

Thus all the conditions of Theorem 1.3.1 are satisfied and 0 is the unique common fixed point of S and T. 

Now, in our next theorem, we give an application of our fixed point theorem to best approximation 

theory. We improve the results of Pathak, Cho-Kang [13] and Sharma-Deshpande [16]. 

1.3.2  Theorem : 

Let T and S be mapping of X into itself. Let CCT :  and )()( SFTFx  . Further, 

suppose that T and S satisfy the condition (1.1), for all x, y in   ExDD aa  , where 

 

 annn DxqSxTxXqE  }{,,: , a,b,c,d>0, a+b+c+d=1, a+c+d < a , S is linear, continuous 

on Da and T,S are compatible in Da, if Da is nonempty, compact, convex and S(Da)=Da, then 

 )()( SFTFDa . 

 

Proof :  

Let aDy  and hence Sy is in Da since aa DDS )( . 

Further, if ,Cy  then Ty is in C, since .)( CCT   from (1.1), it follows that 

 

 

 

  xTySyxxxSyTyxSyd

xxSyTyxSyc

xxSyTybxSyaxTy







2

1
,,,max

,,max

,max

 

 

 

  xTySyxSyTyxSyd

SyxxTyxSyc

SyxxTybxSyaxTy







2

1
,,max

,max  

   

  xTySyxSyxxTyxSyd

SyxxTycSyxxTybxSyaxTy





2

1
,,max

 

 

 



 xSTySyxT

xSxTSyTyxSSyd

xSxTSyTyxSSyc

xSxTSyTybxSSya

xTTyxTy











2

1

,,,max

,,max

,max
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 

,

)1(

)()(

xSyxTya

xSyxTydcb

xTydcbxSydcbaxTy

SyxxTyd

SyxcxTycSyxbxTybxSyaxTy











 

which implies xSyxTya   and so Ty is in Da. Thus T maps Da into itself. 

Proceeding as in theorem (1.3.1), we can show that 

uTxSx nnnn   limlim      ….(1.9) 

Therefore, for a sequence {xn} in Da the existence of (1.9) is guaranteed whenever Da   Kn. Moreover 

Eu . Since S and T are compatible and S is continuous, we have 

SuTSx
nn



lim  

and SuxS
nn




2lim  

By (1.1), we have  

 

 



 ,
2

1

,,max

,,max

,max

2

22

22

22

xSTSxxSxT

xSxTxSTSxxSxSd

xSxTxSTSxxSxSc

xSxTxSTSxbxSxSa

xTTSxxTSx

nn

nnn

nnn

nnn

nn











 

which implies, as n  

 

 

  

xSudxSucxSua

xSuSuxxxSuSuxSud

xxSuSuxSuc

xxSuSubxSuaxSu









2

1
,,,max

,,max

,max

 

xSuaxSu  . 

Hence xSu  , By (1.1) again, we have 
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 

 

  xSTuSuxTxSxTSuTuxSSud

xSxTSuTuxSSuc

xSxTSuTubxSSua

xTTuxTu









2

1
,,,max

,,max

,max

 

which gives, by taking xSu   

 

 

  

xTudxTucxTub

xTuxxxxxTuxxd

xxxTuxxc

xxxTubxxaxTu









2

1
,,,max

,,max

,max

 

.)1( xTuaxTu   

So xTu  . 

Next, we consider 

 

 

  nnnnn

nnn

nnnn

SxTuSuTxSxTxSuTuSxSud

SxTxSuTuSxSuc

SxTxSuTubSxSuaTxTu







2

1
,,,max

,,max

,max

 

Letting n , we get 

   

  

uxdcaux

uxxuuuxxuxd

uuxxuxcuuxxbuxaux







)(

2

1
,,,max

,,max,max

 

uxa  , since adca   

and so ux  , i.e., u=Su=Tu. By theorem (1.3.1), u must be unique. Hence E = {u}. Then 

}{1 uDD aa   

Let {kn} be a monotonically non-decreasing sequence of real numbers such that 10  nk  and 

nlim 1nk . Let {xj}be a sequence in 
1

aD  satisfying (1.2), for each Nn , define a mapping 

11: aan DDT   by 

pkTxkxT njnjn )1(   

for each Nn , it is possible to define such a mapping Tn. Since aD  is starshaped with respect to 

)(SFp . 

Since S  is linear, we have 
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.)1(

,)1(

pkSTxkSxST

pkTSxkSxT

njnjn

njnjn




 

By compatibility of S and T, we have for each Nn   

ppkSTxTSxk

xSTSxT

njjjjn

jnjnj









)1(limlim

lim0
 

and so 

0lim  jnjnj xSTSxT  

whenever uxTSx jnjjj   limlim  since we have 

.

)1(

)1(limlim

u

ukuk

ukTxkxT

nn

njjnjnj





 

 

Thus S and Tn are compatible on aD  for each n and )()( aaan DSDDT  . 

On the other hand by (1.1), for all aDyx ,  we have, for all nj   and n fixed 

TyTx

TyTxk

TyTxkyTxT

j

nnn







 

 

 

  SyTxSxTySyTySxTxSySxd

SyTySxTxSySxc

SyTySxTxbSySxa







2

1
,,,max

,,max

,max

 

 

 

 ,,,max

,,max

,max

SyyTyTTySxxTxTTxSySxd

SyyTyTTySxxTxTTxSySxc

SyyTyTTySxxTxTTxbSySxa

nnnn

nnnn

nnnn







 

 SyxTxTTxSxyTyTTy nnnn 
2

1
 

 

 



 SyxTpTxkSxyTpTyk

SyyTpTykSxxTpTxkSySxd

SyyTpTykSxxTpTxkSySxc

SyyTpTykSxxTpTxkbSySxa

nnnn

nnnn

nnnn

nnnn









)1()1(
2

1

)1(,)1(,max

)1(,)1(max

)1(,)1(max

 

Hence for all nj  , we have 
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 

 



 SyxTpTxkSxyTpTyk

SyyTpTykSxxTpTxkSySxd

SyyTpTykSxxTpTxkSySxc

SyyTpTykSxxTpTxkbSySxayTxT

njnj

njnj

njnj

njnjnn









)1()1(
2

1

,)1(,)1(,max

)1(,)1(max

)1(,)1(max

....(1.10) 

Thus, since 1lim  jj e , from (1.10), for every Nn , we have 

 
which implies 

 

 

  SyxTSxyTSyyTSxxTSySxd

SyyTSxxTSySxc

SyyTSxxTbSySxayTxT

nnnn

nn

nnnn







2

1
,,,max

,,max

,max

 

for all aDyx . , therefore by theorem (1.3.1) for every Nn , Tn and S have a unique common fixed point 

xn in aD , i.e., every Nn , we have 

}{)()( nn xSFTF  . 

Now, the compactness of Da ensures that {xn} has a convergent subsequence }{
inx  which converges to 

a point in Da since 

pkTxkxTx
iiiiii nnnnnn )1(      ....(1.11) 

and T is continuous, we have as i  in (1.3.2.3) Tzz   i.e., )(TFDz a  . 

Further, the continuity of S implies that 

zxSxxSSz
iii ninini   limlim)(lim  

i.e., )(SFz , therefore, we have )()( SFTFDz a   and so. 

 )()( SFTFDa  

This completes the proof. 

As a consequence of our Theorem 1.3.2, we have the following result.  

1.3.2.1 Corollary: 

Let T and S be mapping of X into itself. Let CCT :  and )()( SFTFx  . Further, 

suppose that T and S satisfy. 

 

   SyTxSxTySyTySxTxSySxc

SyTySxTxbSySxaTyTx





2

1
,,,max

,max

 

for all x, y in   ExDD aa  , where 

 

 



 SyxTpTxkSxyTpTyk

SyyTpTykSxxTpTxkSySxd

SyyTpTykSxxxTpTxkSySxc

SyyTpTykSxxTpTxkbSySxa

yTxTyTxT

njnj

njnj

njnj

njnjj

nnjnn















)1()1(
2

1

,)1(,)1(,max

)1(,)()1(max

)1(,)1(maxlim

lim
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 DxqSxTxXqE nnn  }{,,: , a,b,c>0, a+b+c=1, a+c < a , S is linear, continuous on Da 

and T,S are compatible in Da, if Da is nonempty, compact, convex and S(Da)=Da, then 

 )()( SFTFDa . 

This corollary is obtained by putting d = 0 in Theorem 1.3.2 and is the result of Sushil Sharma and 

Bhavana Deshpande [16] d = 0. 

Now, we obtain the following result due to Pathak, Cho and Kang [13] by putting  c = d= 0 in Theorem  

1.3.2. 

1.3.2.2 Corollary: 

 Let T and S be mappings of X into itself. Let CCT :  and )()( SFTFx  . Further, 

suppose that T and S satisfy. 

 SyTySxTxaSySxaTyTx  ,max)1(  

for all x, y in   ExDD aa  , where 

 DxqSxTxXqE nnn  }{,,: , 0 <a <1, if S is linear, continuous on Da and T,S are compatible 

in Da, if Da is nonempty, compact, convex and S(Da)=Da, then  )()( SFTFDa . 

Now, by putting a = b = c = 0 in Theorem 1.3.2 we get the following result. 

1.3.2.3 Corollary: 

Let T and S be mapping of X into itself. Let CCT :  and )()( SFTFx  . Further, 

suppose that T and S satisfy 

  SyTxSxTySyTySxTxSySxdTyTx 
2

1
,,,max   

for all x, y in   ExDD aa  , where 

 annn DxqSxTxXqE  }{,,: , 0< d <1, if S is linear, continuous on Da and T,S are compatible 

in Da, if Da is nonempty, compact, convex and S(Da)=Da, then  )()( SFTFDa . 

Now by weakening the compatibility condition in our Theorem 1.3.1 we prove the following result. 

1.3.3  Theorem : 
Let S and T be weakly compatible mappings of C into itself satisfying the following condition: 

 

 

  SyTxSxTySyTySxTxSySxd

SyTySxTxSySxc

SyTySxTxbSySxaTyTx







2

1
,,,max

,,max

,max

 

....(1.12) 

for all x, y in C where a,b,c,d>0, a+b+c+d=1 and a+c+d< a  if S is linear and continuous in C and 

).()( CSCT  Then T and S have a unique common fixed point z* in C . 

Proof :  

Proceeding as in Theorem 1.3.1, we can show that uSxanduTx nn   as n . 

Since )()( CSCT  , there exists a point C  such that Svu  , then using the condition (1.12), 

we have 
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 

 



  uTxSxTvSvTx

SxTxSvTvSxSvd

SxTxSvTvSxSvc

SxTxSvTvbSxSva

uTxTxTvuTv

nnn

nnn

nnn

nnn

nn











222

222

222

222

22

2

1

,,,max

,,max

,max

 

Taking the limit as n yields 

.)1(

)(

uTva

uTvdcbuTv




 

So we have Tv = u. Therefore Tv = Sv = u. Since T and S are weakly compatible, TSv = STv, i.e., Tu = 
Su. 

Let SuTuz * . Again the weak compatibility of T and S implies. .,., eiSTuTSu   Tz*=Sz*. 

Now we show that z* is a fixed point of T. 

 

 

  

**)(

**
2

1
,,**,*max

,**,*max

,**max*

***

zTzdca

SuTzSzTuSuTuSzTzSuSzd

SuTuSzTzSuSzc

SuTuSzTzbSuSza

TuTzzTz











 

Thus *,* zTz   since 
2/1)( adca  . Hence *** SzzTz   

Finally, in order to prove the uniqueness of z* suppose that z* and *1z  are two common fixed points of 

T and S, where z* is not equal to *1z  then by (1.12), we obtain 

 

 



 

**)(

****
2

1

,**,**,**max

**,**,**max

**,**max**

****

1

11

111

111

111

11

zzdca

SzTzSzTz

SzTzSzTzSzSzd

SzTzSzTzSzSzc

SzTzSzTzbSzSz

TzTzzz













 

Thus z*= *1z  since a+c+d< a .  

This complete the proof. 

As a consequence of a Theorem 1.3.3, we get the following result after putting d = 0  

1.3.3.1Corollary:  
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Let S and T be weakly compatible mappings of C into itself satisfying the following condition. 

 

 SyTySxTxSySxc

SyTySxTxbSySxaTyTx





,,max

,max
 

for all x, y in C where a+b+c=1, aca  , if S is linear in C and )()( CSCT  , then T and S have a 

unique common fixed point z* in C. 

 Corollary (1.3.3.1) proves the result of Sushil Sharma and Bhavna Deshpande [17] for weaker condition. 

1.3.3.2 Corollary: 

 Let S and T be weakly compatible mappings of C into itself satisfying the following conditions: 

 

10,,

,max)1(





aCinyxallfor

SyTySxTxaSySxaTyTx
 

if S is linear in C and )()( CSCT  , then T and S have a unique common fixed point z* in C. 

As a consequence of a Theorem 1.3.3, we get theCorollary(1.3.3.2) by putting c = d = 0. 

Now by taking a = b = c = 0 in Theorem 5.3.3 we get the following result for weaker condition. 

1.3.3.3 Corollary: 

Let S and T be weakly compatible mappings of C into itself satisfying the following conditions: 

  SyTxSxTySyTySxTxSySxdTyTx 
2

1
,,,max  

For all 10,,  dCinyx  

if S is linear in C and )()( CSCT  , then T and S have a unique common fixed point z* in C. 

Now we give an application of our fixed point Theorem 1.3.3 to best approximation theory. We improve 

the result of Pathak, Cho-Kang [13] and Sharma-Deshpande [17] for weaker condition. 

1.3.4  Theorem : 

Let T and S be mapping of X into itself. Let CCT :  and )()( SFTFx  . Further, 

suppose that T and S satisfy the condition (5.12), for all x, y in   ExDD aa  , where 

 annn DxqSxTxXqE  }{,,: , a,b,c,d>0, a+b+c+d=1, a+c+d < a , S is linear, continuous 

on Da and T,S are compatible in Da, if Da is nonempty, compact, convex and S(Da)=Da, then 

 )()( SFTFDa . 

Proof :  

Let aDy  and hence Sy is in Da since aa DDS )( . 

Further, if ,Cy  then Ty is in C, since .)( CCT   from (5.12), it follows that 

 

 

 

 

 

  xSTySyxTxSxTSyTyxSSyd

xSxTSyTyxSSyc

xSxTSyTybxSSya

xTTyxTy









2

1
,,,max

,,max

,max
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 

 

  xTySyxxxSyTyxSyd

xxSyTyxSyc

xxSyTybxSyaxTy







2

1
,,,max

,,max

,max

 

 

 

  xTySyxSyTyxSyd

SyxxTyxSyc

SyxxTybxSyaxTy







2

1
,,max

,max  

   

  xTySyxSyxxTyxSyd

SyxxTycSyxxTybxSyaxTy





2

1
,,max

 

 

xSyxTya

xSyxTydcb

xTydcbxSydcbaxTy

SyxxTyd

SyxcxTycSyxbxTybxSyaxTy











,)1(

)()(  

which implies xSyxTya   and so Ty is in Da. Thus T maps Da into itself. 

Proceeding as in Theorem 1.3.3, we can show that 

uTxSx nnnn   limlim              ….(1.13) 

Therefore, for a sequence {xn} in Da the existence of (1.13) is guaranteed whenever Da   kn.  

Since )()( aa DSDT   there exists a point aDv  such that u = Sv. Then using (1.12). 

 

 121212

121212

1212

,,max

,max













nnn

nnn

nn

SxTxSvTvSxSvc

SxTxSvTvbSxSva

uTxTxTvuTv

 



  uTxSxTvSvTx

SxTxSvTvSxSvd

nnn

nnn









121212

121212

2

1

,,max

 

Taking the limit as n  yields 

uTva

uTvdcbuTv





)1(

)(
 

So we have Tv = u. Therefore Tv = Sv = u. Since T and S are weakly compatible, then TSv = STv, i.e., Tu 

=Su, by (1.13) we have 
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 

 

  xSTuSuxTxSxTSuTuxSSud

xSxTSuTuxSSuc

xSxTSuTubxSSua

xTTuxTu









2

1
,,,max

,,max

,max

 

   

  

xTudcaxTu

xTudxTucxTua

xTuTuxxxTuTuxTud

xxTuTuxTucxxTuTubxTua









)(

2

1
,,,max

,,max,max

 

So xTu   since (a+c+d) < a  , hence Tu = Su = x  

Next, we consider 

 

 

  nnnnn

nnn

nnnn

n

SxTuSuTxSxTxSuTuSxSud

SxTxSuTuSxSuc

SxTxSuTubSxSuaTxTu

uxTxTu









2

1
,,,max

,,max

,max

 

Letting n , we get 

   

  

uxdcaux

uxxuuuxxuxd

uuxxuxcuuxxbuxaux







)(

2

1
,,,max

,,max,max

 

.uxa   since adca  )(  

ux  , i.e., u=Su=Tu. By Theorem (1.3.3), u must be unique. Hence  

E = {u}. Then }{uDD aa   

Let {kn} be a monotonically non-decreasing sequence of real numbers such that 10  nk  and 

nlim 1nk . Let {xj}be a sequence in aD  satisfying (1.13), for each Nn , define a mapping 

aan DDT :  by 

pkTxkxT njnjn )1(  . 

For each Nn  it is possible to define such a mapping Tn. Since aD  is starshaped with respect to 

)(SFp . 

we have,  
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.

)1(

)1(limlim

u

ukuk

ukTxkxT

nn

njjnjnj





 

 

Now, Tnu=Su=u and Tn Su = u =STn u. Therefore S and Tn commute at their coincidence point 

Thus S and Tn are weakly compatible on aD  for each n and )()( aaan DSDDT  . 

On the other hand by (5.12), for all aDyx ,  we have, for all nj   and n fixed 

TyTx

TyTxk

TyTxkyTxT

j

nnn







     

 

 

  SyTxSxTySyTySxTxSySxd

SyTySxTxSySxc

SyTySxTxbSySxa







2

1
,,,max

,,max

,max

 

 

 



 SyxTxTTxSxyTyTTy

SyyTyTTySxxTxTTxSySxd

SyyTyTTySxxTxTTxSySxc

SyyTyTTySxxTxTTxbSySxa

nnnn

nnnn

nnnn

nnnn









2

1

,,,max

,,max

,max

 

 

 SyyTpTykSxxTpTxkSySxc

SyyTpTykSxxTpTxkbSySxa

nnnn

nnnn





)1(,)1(max

)1(,)1(max
 

 
Hence for all nj  , we have 

 

 

 



 SyxTpTxkSxyTpTyk

SyyTpTykSxxTpTxkSySxd

SyyTpTykSxxTpTxkSySxc

SyyTpTykSxxTpTxkbSySxa

SyyTpTykSxxTpTxkbSySxayTxT

njnj

njnj

njnj

njnj

njnjnn











)1()1(
2

1

,)1(,)1(,max

)1(,)1(max

)1(,)1(max

)1(,)1(max

....(1.14) 

Thus, since 1lim  jj e , from (1.14), for every Nn , we have 



 SyxTpTxkSxyTpTyk

SyyTpTykSxxTpTxkSySxd

nnnn

nnnn





)1()1(
2

1

)1(,)1(,max
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which implies 

 

 

  SyxTSxyTSyyTSxxTSySxd

SyyTSxxTSySxc

SyyTSxxTbSySxayTxT

nnnn

nn

nnnn







2

1
,,,max

,,max

,max

 

for all aDyx . , therefore by Theorem 1.3.3 for every Nn , Tn and S have a unique common fixed point xn 

in aD , i.e., every Nn , we have 

}{)()( nn xSFTF   

Now, the compactness of Da ensures that {xn} has a convergent subsequence }{
inx  which converges to 

a point in Da since 

pkTxkxTx
iiiiii nnnnnn )1(      ....(1.15) 

and T is continuous, we have as i  in (1.15) Tzz   i.e., )(TFDz a  . 

Further, the continuity of S implies that 

zxSxxSSz
iii ninini   limlim)(lim  

i.e., )(SFz , therefore, we have )()( SFTFDz a   and so. 

 )()( SFTFDa  

This completes the proof. 

As a consequence of our Theorem 1.3.4, we have the following result.  

1.3.4.1 Corollary: 

Let T and S be mapping of X into itself. Let CCT :  and )()( SFTFx  . Further, 

suppose that T and S satisfy. 

 

   SyTxSxTySyTySxTxSySxc

SyTySxTxbSySxaTyTx





2

1
,,,max

,max

 

for all x, y in   ExDD aa  , where 

 DxqSxTxXqE nnn  }{,,: , a,b,c>0, a+b+c=1, a+c < a , S is linear, continuous on Da 

and T,S are compatible in Da, if Da is nonempty, compact, convex and S(Da)=Da, then 

 )()( SFTFDa . 

This corollary is obtained by putting d = 0 in Theorem 1.3.4 and is the result of Sushil Sharma and 

Bhavana Deshpande [17] d = 0. 

Now, we obtain the following result due to Pathak, Cho and Kang [13] by putting  c = d= 0 in Theorem 

1.3.4. 



 

 



 SyxTpTxkSxyTpTyk

SyyTpTykSxxTpTxkSySxd

SyyTpTykSxxxTpTxkSySxc

SyyTpTykSxxTpTxkb

SySxa

yTxTyTxT

njnj

njnj

njnj

njnj

j

nnjnn

















)1()1(
2

1

,)1(,)1(,max

)1(,)()1(max

)1(,)1(max

lim

lim
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1.3.4.2 Corollary: 
 Let T and S be mappings of X into itself. Let 

CCT :  and )()( SFTFx  . 

Further, suppose that T and S satisfy. 

 SyTySxTxaSySxaTyTx  ,max)1(

 

for all x, y in   ExDD aa  , where 

 DxqSxTxXqE nnn  }{,,: , 0 

<a <1, if S is linear, continuous on Da and T,S are 

compatible in Da, if Da is nonempty, compact, 

convex and S(Da)=Da, then 

 )()( SFTFDa . 

Now, by putting a = b = c = 0 in Theorem 

1.3.4 we get the following result. 

1.3.4.3 Corollary: 

Let T and S be mapping of X into itself. Let 

CCT :  and )()( SFTFx  . 

Further, suppose that T and S satisfy 

  SyTxSxTySyTySxTxSySxdTyTx 
2

1
,,,max

  

for all x, y in   ExDD aa  , where 

 annn DxqSxTxXqE  }{,,: , 

0< d <1, if S is linear, continuous on Da and T,S are 

compatible in Da, if Da is nonempty, compact, 

convex and S(Da)=Da, then 

 )()( SFTFDa . 
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