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Introduction: 

In the classical uniqueness theorems (e.g., 

the shared value condition), two meromorphic 

functions were required to share all values (with 

specified multiplicities) in order to guarantee 

uniqueness. In contrast, these subsequent works 

relaxed this assumption by considering weaker 

versions of shared values or different types of 

shared value conditions. In the study of uniqueness 

problems, a major advancement followed the initial 

Nevanlinna results, where researchers began 

exploring more general situations by relaxing the 

assumption that two meromorphic functions share 

exactly the same values. One key line of 

development involved considering various operators 

applied to the meromorphic function to study the 

uniqueness of these functions. The shift, derivative, 

and difference operators played pivotal roles in this 

exploration. By considering these operators and 

relaxing the traditional assumptions of exact value 

sharing, many authors have been able to derive 

stronger or more general uniqueness results (see 

Yang et al. [10], Heittokangas et al. [6] and [5], S. 

Chen [1], Chen [2], Li et al. [7], Zhang et al. [12]). 

They often aim to balance between generalizing the 

conditions of uniqueness while still keeping the 

results rigorous and useful for applications in 

complex analysis, especially in meromorphic 

function theory. We investigate how the behaviour 

of 𝑓(𝑧) and its linear differential, differential-

difference polynomials affect uniqueness. 

 

Basic Theorems: 

Nevanlinna work in value distribution 

theory provides essential results in complex 

analysis, especially for understanding uniqueness 

problems in the context of meromorphic functions. 

The two classic results that often serve as the 

foundation are:  

Theorem 2.1. [9] If five distinct values 

𝑎1, 𝑎2, 𝑎3, 𝑎4, 𝑎5 ∈ ℂ ∪ ∞ IM are shared by two 

meromorphic functions 𝑓(𝑧) and 𝑔(𝑧) then 𝑓(𝑧) =

𝑔(𝑧).  

Theorem 2.2. [9] Suppose, 𝑓(𝑧) and 𝑔(𝑧) be two 

meromorphic functions sharing four distinct values 

𝑎1, 𝑎2, 𝑎3, 𝑎4 ∈ ℂ ∪ ∞ CM then 𝑓(𝑧) = 𝑔(𝑧) or 

𝑓(𝑧) is a Mobius transformation of 𝑔(𝑧). 

These theorems have profound implications for 

uniqueness theory. And they provide a framework 

for determining when two meromorphic functions 

must be identical, given the value distribution 

information.  

In 2017, F. Lu-W. Lu [8] proved the following for 

three distinct values.  

Theorem 2.3. [8] Let 𝑓 be a transcendental 

meromorphic function of finite order, and let 𝑓 =

 𝑓(𝑧 + 𝑐) − 𝑓(𝑧)(≠ 0). If 𝑓 and ∆(𝑓) share three 

distinct values 𝑒1, 𝑒2, ∞ CM, then  

𝑓 =  ∆(𝑓). 

In 2019, Gao et al.,[3] obtained the 

following result for 𝑓(𝑧) sharing three distinct 

periodic functions with its higher order difference 

operator.  

Theorem 2.4. [3] Let 𝑓(𝑧) be a transcendental 

meromorphic function of hyper-order strictly less 

than 1 such that ∆𝑛𝑓(𝑧) ≠ 0. If 𝑓(𝑧) and ∆𝑛𝑓(𝑧) 

share three distinct periodic functions 𝑎, 𝑏, 𝑐 ∈

𝑆(𝑓) ∪ ∞ with period 1 CM, then 𝑓(𝑧) ≡ ∆𝑛𝑓(𝑧).  

In 2021, X. Qi and L. Yang [9] considered 

the sharing value as 2CM to obtain the below result. 

Theorem 2.5. [9] Let 𝑓(𝑧) be a transcendental 

meromorphic function of hyper order strictly less 

than 1 and let 𝑎(≠ 0) ∈ 𝑆(𝑓). If 𝑓(𝑧) and ∆𝑛𝑓(≠

0) share 𝑎 and ∞ CM and 2𝛿(0, 𝑓)  +  2𝛩(∞, 𝑓) >

3 then 𝑓(𝑧) ≡ ∆𝑛(𝑓).  

In 2013, Chen and Yi [2] proved the 

following result for the uniqueness of entire function 

and its difference operator.  

https://ijaar.co.in/
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Theorem 2.6. [2] Let 𝑓 be a finite order 

transcendental entire function which has a finite 

Borel exceptional value 𝑎, and let 𝑐 ∈ ℂ be a 

constant such that 𝑓(𝑧) ≠  𝑓(𝑧 + 𝑐). If ∆𝑐𝑓(𝑧) and 

𝑓(𝑧) share the value 𝑎 CM, then 𝑎 = 0 and 

∆𝑐𝑓(𝑧)

𝑓(𝑧)
= 𝜆, 

where 𝜆 is some nonzero constant. 

In 2021, X. Zhang and X. Chen [13] 

extended the result for meromorphic function and 

difference polynomial to prove the following 

theorem.  

Theorem 2.7. [13] Let 𝑓 be a transcendental 

meromorphic function of finite order. Suppose that 

𝛽 ∈ ℂ and ∞ are Borel exceptional values of 

𝑓, 𝑃(𝑧, 𝑓) = 𝑎𝑛𝑓(𝑧 + 𝑛𝑐) + 𝑎𝑛−1𝑓(𝑧 + (𝑛 −

 1)𝑐)  + · · ·  + 𝑎1𝑓(𝑧 + 𝑐) + 𝑎0𝑓(𝑧) (≠ 0) be a 

difference polynomial of 𝑓, where 𝑎𝑘(𝑘 = 0, 1, 2,· ·

 · , 𝑛) are not all zero complex numbers. If 𝛽 ≠ 0 

then 𝑃(𝑧, 𝑓) and 𝑓 can not share the value 𝛽 CM. 

 

Lemmas: 

Lemma 3.1. [13] Let 𝑓 be a transcendental 

meromorphic function of finite order. Suppose that 

𝛽 ∈ ℂ and ∞ are Borel exceptional values of 𝑓, then 

𝑓(𝑧) = 𝐴(𝑧)𝑒𝑃(𝑧) + 𝛽, 

where 𝑃(𝑧) is a polynomial and 𝐴(𝑧) is a 

meromorphic function such that 𝜆(𝐴) =  𝜆(𝛽, 𝑓),

𝜆 (
1

𝐴
) =  𝜆 (

1

𝑓
) and  

 𝜎(𝐴) ≤  𝑚𝑎𝑥{𝜆(𝛽, 𝑓), 𝜆 (
1

𝑓
)}  <  𝜎(𝑓) = 𝑑𝑒𝑔𝑃(𝑧). 

Lemma 3.2. [11] Let 𝑓1(𝑧) and 𝑓2(𝑧) be non-

constant meromorphic functions in the complex 

plane and 𝑐1, 𝑐2, 𝑐3 be non-zero constants. If 𝑐1𝑓1 +

𝑐2𝑓2 = 𝑐3, then  

𝑇(𝑟, 𝑓1) < 𝑁 (𝑟,
1

𝑓1
) + 𝑁 (𝑟,

1

𝑓2
) + 𝑁(𝑟, 𝑓1) +

𝑆(𝑟, 𝑓1). 

Lemma 3.3. [13] Let 𝑓(𝑧) be a non-constant 

meromorphic function of hyper-order strictly less 

than 1. Then  

𝑁 (𝑟,
 1

∆𝑛𝑓 
) ≤ 𝑇(𝑟, ∆𝑛𝑓) − 𝑇(𝑟, 𝑓) + 𝑁 (𝑟,

 1

𝑓 
) +

𝑆(𝑟, 𝑓). 

Lemma 3.4. [13] Let 𝑓(𝑧) be a non-constant 

meromorphic function in the complex plane, and let 

𝑎(≠ 0) ∈ 𝑆(𝑓). Set  

𝐻 =
∆𝑛 𝑓 − 𝑎

𝑓−𝑎
. 

If 𝑓 and ∆𝑛𝑓(≠ 0) share 𝑎 and ∞ CM, then  

𝑁 (𝑟,
 1

𝐻
) =  𝑆(𝑟, 𝑓),        𝑁(𝑟, 𝐻)  =  𝑆(𝑟, 𝑓). 

 

Lemma 3.5. [9] Let 𝑓(𝑧) be a meromorphic function 

of hyper-order strictly less than 1, then we have  

𝑇(𝑟, 𝑓(𝑧 + 𝑐)) = 𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓). 

Lemma 3.6. [4] Let 𝑓(𝑧) be a meromorphic function 

of hyper-order strictly less than 1. Then,                          

𝑚 ( 𝑟,
𝑓(𝑧 +  𝑐) 

𝑓(𝑧)
) + 𝑚 ( 𝑟,

𝑓(𝑧) 

 𝑓(𝑧 + 𝑐)
)

= 𝑆(𝑟, 𝑓) 

and 

𝑚 ( 𝑟,
∆𝑐

𝑛𝑓 

𝑓 − 𝑎
) =  𝑆(𝑟, 𝑓) 

where 𝑎 is a constant. 

Lemma 3.7. [10] Suppose that 𝑓1(𝑧), 𝑓2(𝑧),· · ·

 , 𝑓𝑛(𝑧) are linearly independent meromorphic 

functions satisfying the following identity  

  ∑ 𝑓𝑗 (𝑧)𝑛
𝑗=1 = 1. 

Then, for 1 ≤ 𝑗 ≤ 𝑛, we have  

𝑇(𝑟, 𝑓𝑗  ) ≤   ∑ 𝑁 (𝑟,
1

𝑓𝑘
)𝑛

𝑘=1 + 𝑁(𝑟, 𝑓𝑗  ) +

𝑁(𝑟, 𝐷) − ∑ 𝑁(𝑟,  𝑓𝑘)𝑛
𝑘=1 − 𝑁 ( 𝑟,

1

𝐷
 ) + 𝑆(𝑟),  

where 𝐷 is the Wronskian determinant 𝑊(𝑓1, 𝑓2,· · ·

 , 𝑓𝑛),  

  𝑆(𝑟)  =  𝑜(𝑇(𝑟)),   (𝑟 →  ∞, 𝑟 ∉ 𝐸)  

and  

    𝑇(𝑟) = 𝑚𝑎𝑥1≤𝑘≤𝑛{𝑇(𝑟, 𝑓𝑘)}  

𝐸 is a set with finite linear measure. 

https://ijaar.co.in/
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Main Results: 

Definition 1 𝐿(𝑓) = 𝑎𝑘𝑓(𝑘) + 𝑎𝑘−1𝑓(𝑘−1) +· · ·

+𝑎1𝑓 = ∑ 𝑎𝑖𝑓
(𝑖)𝑘

𝑖=0 , where 𝑎𝑖 , 𝑖 =  0, 1,· · · , 𝑘 are 

the complex constants and 𝑎𝑘 ≠ 0. 

Remark 4.1 The following results are proved by 

using the similar methodology as in [[13, 9]] 

Corollary 1. Let 𝑓 be a transcendental meromorphic 

function of finite order. Suppose that 𝛽 ∈ ℂ and ∞ 

are BeV of 𝑓, 𝜙(𝑓) = ∑ 𝐴𝑗(𝑧)𝑓(𝑘𝑗)(𝑧 + 𝑎𝑗)𝑗∈𝐽  be a 

differential-difference polynomial and 𝜙(𝑓) ≠ 0. If 

𝛽 ≠ 0 then 𝜙(𝑓) and 𝑓 can not share the value 𝛽 

CM.  

Proof: Suppose that 𝜙(𝑓) and 𝑓 share the value 𝛽 

CM, then 

    
𝜙(𝑓)− 𝛽

𝑓(𝑧)− 𝛽
=  𝑒ℎ(𝑧),  (4.1) 

where ℎ(𝑧) is a polynomial, since 𝛽 and ∞ are 

B.e.V of 𝑓 then by Lemma (3.1), 𝑓(𝑧) can be 

written as  

𝑓(𝑧) = 𝐴(𝑧)𝑒𝑃(𝑧) + 𝛽,  (4.2) 

where 𝐴(𝑧) is a meromorphic function such that 

                              𝜎(𝐴) ≤

𝑚𝑎𝑥 {𝜆(𝛽, 𝑓), 𝜆 (
1

𝑓
)} <  𝜎(𝑓) = 𝑑𝑒𝑔𝑃(𝑧). 

It follows from (3.1) and (3.2) that 

                                          

∑ 𝐴𝑗(𝑧)𝑇𝑗(𝑧+𝑎𝑗)𝑒
𝑃(𝑧+𝑎𝑗)

−𝛽𝑗∈𝐽

𝐴(𝑧)𝑒𝑃(𝑧)
= 𝑒ℎ(𝑧).  (4.3) 

That is,  

                             

∑ 𝐴𝑗(𝑧)𝑇𝑗(𝑧+𝑎𝑗)𝑒
𝑃(𝑧+𝑎𝑗)−𝑃(𝑧)

𝑗∈𝐽

𝐴(𝑧)
−

𝛽

𝐴(𝑧)
𝑒−𝑃(𝑧) =

𝑒ℎ(𝑧).   (4.4) 

As 𝜎(𝐴) < 𝑑𝑒𝑔𝑃(𝑧) and 𝑑𝑒𝑔(𝑃(𝑧 + 𝑎𝑗 ) −

𝑃(𝑧)) ≤ (𝑑𝑒𝑔𝑃(𝑧)) − 1 = 𝜎(𝑓)  −  1, 𝑖 =  0, 1, 2,·

 · · , 𝑛 then  
∑ 𝐴𝑗(𝑧)𝑇𝑗(𝑧+𝑎𝑗)𝑗∈𝐽

𝐴(𝑧)
𝑒𝑃(𝑧+𝑎𝑗)−𝑃(𝑧) is a small 

meromorphic function respective to 
𝛽

𝐴(𝑧)
𝑒−𝑃(𝑧). 

Applying the second fundamental theorem to 

𝛽

𝐴(𝑧)
𝑒−𝑃(𝑧), we know that  

     𝜆 (
∑ 𝐴𝑗(𝑧)𝑇𝑗(𝑧+𝑎𝑗)𝑗∈𝐽

𝐴(𝑧)
𝑒𝑃(𝑧+𝑎𝑗)−𝑃(𝑧) −

𝛽

𝐴(𝑧)
𝑒−𝑃(𝑧)) = 𝑑𝑒𝑔𝑃(𝑧).  

This contradicts with 𝑒ℎ(𝑧) ≠ 0. Thus 𝑓(𝑧) and 

𝜙(𝑧) cannot share the value 𝛽 CM.         ∎ 

 

Remark 4.2 The corollary shows that either 𝜙(𝑓) 

and 𝑓(𝑧) share the value 𝑎 ≠ 𝛽 for any 𝛽 ∈ ℂ or 

share 0 CM if 𝛽 =  0. 

Theorem 4.1. Let 𝑓(𝑧) be a transcendental 

meromorphic function of hyper order strictly less 

than 1 and let 𝑎(≠ 0) ∈ 𝑆(𝑓). If 𝑓(𝑧) and 𝐿(𝑓) 

share 𝑎 and ∞ CM and 2𝛿(0, 𝑓) +  2𝛩(∞, 𝑓) >

3 then 𝑓(𝑧) ≡ 𝐿(𝑓).  

Proof: Suppose that 𝑓 ≠ 𝐿(𝑓). Set 

                                       

  𝐻 =
𝐿(𝑓)−𝑎

𝑓−𝑎
.   (4.5) 

 

Case 1. If 𝐻(𝑧) is a constant, i.e. 𝐻(𝑧) = 𝐴. Then 

by the assumption that 𝑓 ≠ 𝐿(𝑓) and the value 

sharing assumption, we have 𝐴 ≠ 1 and 𝐴 ≠ 0. 

Hence (4.5) can be rewritten as,                   

    
𝐿(𝑓)

𝑎
−

𝐴𝑓

𝑎
= 1 − 𝐴.  

This together with Lemmas (3.2), (3.3) and the 

value sharing assumption, it follows that  

  𝑇(𝑟, 𝐿(𝑓)) ≤ 𝑇 ( 𝑟,
𝐿(𝑓)

𝑎
) + 𝑆(𝑟, 𝑓),  

    ≤ 𝑁  (𝑟,
𝑎

𝐿(𝑓)
 ) + 𝑁 (𝑟,

𝑎

𝐴𝑓
 ) +

𝑁  (𝑟,
 𝐿(𝑓)

𝑎
 ) + 𝑆(𝑟, 𝑓),  

                    ≤ 𝑇(𝑟, 𝐿(𝑓)) − 𝑇(𝑟, 𝑓) +

𝑁 ( 𝑟,
1

𝑓
) + 𝑁 (𝑟,

1

𝑓
 ) + 𝑁(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).  

That is, 𝑇(𝑟, 𝑓) ≤ 2𝑁 ( 𝑟,
1

𝑓
) + 𝑁(𝑟, 𝑓) + 𝑆(𝑟, 𝑓), 

contradicts the assumption that 2𝛿(0, 𝑓) +

 2𝛩(∞, 𝑓) > 3. 

https://ijaar.co.in/
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Case 2. If 𝐻(𝑧) is not a constant, then we can write 

(4.5) as in the following form  

   
𝐿(𝑓)

𝑎
−

 𝐻𝑓

𝑎
+ 𝐻 = 1.   (4.6) 

Subcase 2.1 Suppose that 
𝐿(𝑓)

𝑎
,

 𝐻𝑓

𝑎
 , 𝐻 are linearly 

independent meromorphic functions. Then, by 

Lemma (3.7) we have 

𝑇(𝑟, 𝐿(𝑓)) ≤ 𝑇 ( 𝑟,
𝐿(𝑓)

𝑎
) + 𝑆(𝑟, 𝑓), 

  ≤ 𝑁 (𝑟,
𝑎

 𝐿(𝑓)
) + 𝑁 (𝑟,

𝑎

𝐻𝑓
) + 𝑁 (𝑟,

1

𝐻
) + 𝑁(𝑟, 𝐷)  

   − 𝑁 (𝑟,
𝐻𝑓

𝑎
) − 𝑁(𝑟, 𝐻) + 𝑆(𝑟),   (𝑟 →  ∞, 𝑟 ̸ ∈

 𝐸),  (4.7)  

where 

                                𝐷 =

|
|

𝐿(𝑓)

𝑎
−

𝐻𝑓

𝑎
𝐻

(
𝐿(𝑓)

𝑎
)

′

(−
𝐻𝑓

𝑎
)

′

𝐻′

(
𝐿(𝑓)

𝑎
)

′′

(−
𝐻𝑓

𝑎
)

′′

𝐻′′

|
|
   (4.8) 

 

 

On the other hand, from (4.5) and Lemma (3.5), we 

see  

      𝑇(𝑟, 𝐻) ≤ 𝑇(𝑟, 𝑓) + 𝑇(𝑟, 𝐿(𝑓)) +

𝑆(𝑟, 𝑓) ≤ (1 + 𝑎𝑘  )𝑇(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).  

Therefore, 𝑆(𝑟) = 𝑆(𝑟, 𝑓). On the other hand, from 

(4.6) and (4.8), we conclude that 

  𝐷 =
|
|

1 −
𝐻𝑓

𝑎
𝐻

0 (−
𝐻𝑓

𝑎
)

′

𝐻′

0 (−
𝐻𝑓

𝑎
)

′′

𝐻′′

|
|
 

 

Hence, 

 𝑁(𝑟, 𝐷) = 𝑁 (𝑟,   (
𝐻𝑓

𝑎
)

′

𝐻′′ −

(
𝐻𝑓

𝑎
)

′′

𝐻′) ≤ 𝑁 (𝑟, (
𝐻𝑓

𝑎
)

′′

) +  𝑁(𝑟, 𝐻′′).  

Further we have  

𝑁(𝑟, 𝐷) − 𝑁 (𝑟,
𝐻𝑓

𝑎
) ≤ 2𝑁  (𝑟,

𝐻𝑓

𝑎
) + 𝑁(𝑟,

𝐻′′).          (4.9)  

 

Thus from (4.7), (4.9) and Lemma (3.4), it follows 

that  

                  

   𝑇(𝑟, 𝐿(𝑓)) ≤ 𝑁 (𝑟,
1

𝐿(𝑓)
) + 𝑁 (𝑟,

1

𝑓
) + 2𝑁(𝑟,

𝑓) + 𝑆(𝑟, 𝑓).  

This together with Lemma (2.3), we have  

  𝑇(𝑟, 𝐿(𝑓)) ≤ 𝑇(𝑟, 𝐿(𝑓)) − 𝑇(𝑟, 𝑓) +

2𝑁 (𝑟,
1

𝑓
) + 2𝑁(𝑟, 𝑓) + 𝑆(𝑟, 𝑓).  

Which implies that  

 

  𝑇(𝑟, 𝑓) ≤ 2𝑁 (𝑟,
1

𝑓
) + 2𝑁(𝑟, 𝑓) + 𝑆(𝑟, 𝑓),  

contradicts the assumption 2𝛿(0, 𝑓) + 2𝛩(∞,

𝑓) > 3. 

Subcase2.2 Suppose that 
𝐿(𝑓)

𝑎
,

 𝐻𝑓

𝑎
 , 𝐻 are linearly 

dependent meromorphic functions. Then, there exist 

three numbers 𝐵, 𝐶, 𝐷 that are not all zero such that  

   𝐵 
𝐿(𝑓)

𝑎
− 𝐶

𝐻𝑓

𝑎
+ 𝐷𝐻 = 0.   (4.10)  

Firstly, we confirm that 𝐵 ≠ 0, otherwise, if 𝐵 = 0, 

then we have 𝐶𝐷 ≠ 0. Rewrite  

  𝐻 (
𝐶𝑓 

𝑎
− 𝐷 ) = 0.  

Since 𝐻 ≠ 0, we have 𝑓 =
𝑎𝐷

𝐶
,  which is a 

contradiction and so 𝐵 ≠ 0. Combining (4.6) and 

(4.10),  

  (𝐶 − 𝐵)
𝐻𝑓

𝑎
+ (𝐵 − 𝐷)𝐻 = 𝐵.   (4.11)  

If 𝐶 − 𝐵 ≠ 0, 𝐵 − 𝐷 ≠ 0. then (4.11) can be 

rewritten as,   

       
𝐶−𝐵

𝐵

𝑓

𝑎
−

1

𝐻
=

𝐷−𝐵

𝐵
 .   (4.12) 

 

Applying Lemmas (3.2) and (3.4) into (4.12) we 

have 

    𝑇(𝑟, 𝑓)  =  𝑇 (𝑟,
𝑓

𝑎
) + 𝑆(𝑟, 𝑓),  

  ≤ 𝑁  (𝑟,
𝑎

𝑓
) + 𝑁(𝑟, 𝐻) + 𝑁 ( 𝑟,

𝑓

𝑎
) + 𝑆(𝑟, 𝑓),  

    ≤ 𝑁 (𝑟,
1

𝑓
) + 𝑁(𝑟, 𝑓) + 𝑆(𝑟, 𝑓), 
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contradicts the assumption that 2𝛿(0, 𝑓) + 2𝛩(∞,

𝑓) > 3. If 𝐶 − 𝐵 = 0, 𝐵 − 𝐷 ≠ 0. then by (4.11) 

we get 𝐻 =
𝐵

𝐵−𝐷
  which contradicts the assumption 

of case 2.  

If 𝐶 − 𝐵 ≠ 0, 𝐵 − 𝐷 = 0. then from (4.11) we 

have  

    
𝐻𝑓

𝑎
=

𝐵

𝐶−𝐵
.                (4.13) 

combining (4.6) and (4.13) implies that  

     
𝐿(𝑓)

𝑎
+ 𝐻 =

𝐶

𝐶−𝐵
.  (4.14)  

If 𝐶 ≠ 0, then by Lemma (3.2) − (3.4) and the 

value sharing assumption, we have 

  𝑇(𝑟, 𝐿(𝑓))  ≤  𝑇 (𝑟,
𝐿(𝑓)

𝑎
) + 𝑆(𝑟, 𝑓),  

  ≤ 𝑁 (𝑟,
𝑎

𝐿(𝑓)
) + 𝑁 (𝑟,

1

𝐻
) + 𝑁 (𝑟,

𝐿(𝑓)

𝑎
) +  𝑆(𝑟, 𝑓),  

   ≤ 𝑇(𝑟, 𝐿(𝑓)) − 𝑇(𝑟, 𝑓) + 𝑁 (𝑟,
1

𝑓
) + 𝑁(𝑟, 𝑓)  +

 𝑆(𝑟, 𝑓),  

which means that  𝑇(𝑟, 𝑓) ≤ 𝑁 (𝑟,
1

𝑓
) + 𝑁(𝑟, 𝑓) +

𝑆(𝑟, 𝑓),  

contradicts the assumption 2𝛿(0, 𝑓) + 2𝛩(∞, 𝑓) >

3.  

If 𝐶 = 0, then from (4.14), we know that 

  𝐿(𝑓) = −𝑎𝐻.   (4.15)  

Moreover, by (4.6) we have  

    𝐻𝑓 = −𝑎.  

This together with (4.15), we get  

𝑓𝐿(𝑓) = 𝑎2.              (4.16)  

On one hand, from the assumption that 𝑓 and 𝐿(𝑓) 

share ∞ CM and (4.16), we obtain that  

  𝑁 (𝑟,
1

𝑓
) = 𝑆(𝑟, 𝑓).  

On the other hand, it follows by Lemma (3.6) and 

(4.16), that  

   𝑚 (𝑟,
1

𝑓
) =

1

2
𝑚 (𝑟,

1

𝑓2) + 𝑆(𝑟, 𝑓),  

    ≤ 𝑚 (𝑟,
𝑓𝐿(𝑓)

𝑓2 ) + 𝑚 (𝑟,
1

𝑓𝐿(𝑓)
) + 𝑆(𝑟, 𝑓), 

≤ 𝑚 (𝑟,
1

𝑎2) + 𝑆(𝑟, 𝑓) = 𝑆(𝑟, 𝑓).  

Hence, 𝑇(𝑟, 𝑓) = 𝑆(𝑟, 𝑓), which is impossible. 

Hence the proof.                                      ∎ 
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  ≤   N -  ( r ,       a  L ( f ) ) +   N -  ( r ,      1  H ) +   N -  ( r ,       L ( f )  a ) +   S ( r ,   f ) ,


  ≤ T ( r ,     L ( f ) ) − T ( r ,     f ) + N  ( r ,      1  f ) +   N - ( r ,   f )   +   S ( r ,   f ) ,


  T ( r ,   f ) ≤ N  ( r ,      1  f ) +   N - ( r ,   f ) + S ( r ,   f ) ,


  2 𝛿 ( 0 ,   f ) + 2 𝛩 ( ∞ ,   f ) > 3 .


  C = 0


  ( 4 . 14 )


  L ( f ) = − a H .


  ( 4 . 6 )


  H f = − a .


  ( 4 . 15 )


  f L ( f ) =   a 2


  f


  L ( f )


  ∞


  ( 4 . 16 )


  N  ( r ,      1  f ) = S ( r ,   f ) .


  ( 3 . 6 )


  ( 4 . 16 )


  m  ( r ,      1  f ) =  1 2 m  ( r ,      1    f 2 ) + S ( r ,   f ) ,


 


  ≤ m  ( r ,     f L ( f )    f 2 ) + m  ( r ,    1  f L ( f ) ) + S ( r ,   f ) ,  


  


  T ( r ,   f ) = S ( r ,   f ) ,


  ∎

